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The hydrodynamic theory of polar liquid crystals is widely used to describe biological active fluids
as well as passive molecular materials. Depending on the ‘shear-alignment parameter’, in passive
or weakly active polar fluids under external shear the polar order parameter p is either inclined to
the flow at a fixed (Leslie) angle, or rotates continuously. Here we study the role of an additional
‘shear-elongation parameter’ that has been neglected in the recent literature and causes |p| to change
under flow. We show that this effect can give rise to a shear-induced first order phase transition
from isotropic to polar, and significantly change the rheological properties of both active and passive
polar fluids.
Liquid crystals typically comprise rod-shaped particles
that can align by spontaneously breaking rotational sym-
metry [1]. Active liquid crystals, in particular, are an
important class of non-equilibrium systems where chem-
ical fuel is converted into motion locally [2]. For ex-
ample, in actomyosin networks, myosin motors pull the
actin filaments creating a lengthwise contractile motion.
Self-propulsion in bacterial suspensions has the opposite
(extensile) effect. Crucially, ordering in these biological
active fluids can be polar rather than nematic: at meso-
scopic scales there is not merely an orientational axis but
a preferred up/down direction along it.
Polar order in passive, molecular liquid crystals is rel-
atively rare and may originate from electromagnetic in-
teractions [3–5]. It has been realized in simulations of
interacting dipolar spheres [6, 7] and seen under narrow
experimental conditions [8]. Recently [9], it was found
that suspensions of magnetic platelets in nematic sol-
vents can also behave like polar liquid crystals at room
temperature. To understand their properties, and those
of the active systems mentioned above, a well-founded
hydrodynamic theory of polar liquid crystals is needed.
We argue below that a conventional approach, which ef-
fectively assumes fixed magnitude of the polar order, is
insufficient. We offer an improved description that pre-
dicts significantly changed behavior.
Polar liquid crystals contain particles (labelled i)
whose orientation defines a unit vector νi, pointing from
tail to head. In molecular liquid crystals, polarity is asso-
ciated with an electric/magnetic dipole moment, whereas
in bacteria and actin filaments, it is viewed as structural.
In (uniaxial) nematic phases, νi tends to align parallel
or anti-parallel along some director field n(r, t). Here n
is a “headless” unit vector defining the major axis of the
mesoscopic tensor Q = 〈νiνi〉meso − I/d = S(nn− I/d).
(Here I is the unit tensor and d the dimensionality.)
In d = 3 the isotropic-nematic transition is first order
so that S jumps discontinuously from zero to a finite
value [1]. Within the nematic, further changes in S
are often neglected, and the dynamics of n is well de-
scribed by the Leslie-Ericksen theory [1]. This contains
a shear-alignment parameter, ξ0, which controls whether
n reaches steady state at a finite angle to the flow axis
(Leslie angle) or rotates indefinitely in time.
On the other hand, in polar materials, νi tends to
point along the polarization field p(r, t). This is a true
vector, defined as p = 〈νi〉meso. In contrast to nematics,
the isotropic-polar transition is generically continuous [1].
This allows access to weakly ordered liquid crystals in
which the magnitude of p is highly susceptible to per-
turbations, including flow. Despite this, in much of the
literature [2, 10–19], the dynamics of p(r, t) is effectively
described by the Leslie-Ericksen theory, in which |p| is
not changed by flow.
We argue in this Letter that, because p is not a unit
vector, its dynamics under shear should include an extra
term, governed by a shear-elongation parameter, ξ2. Un-
der flow this can increase (or in some cases, decrease [20])
the magnitude of p: particles become more aligned with
shearing. This can give rise to interesting unforeseen
physics, specifically a shear-induced first order isotropic-
polar transition, in both the passive and active cases. We
will show this analytically for free-anchoring conditions
on p at the system boundaries, confirming it numerically
under broader conditions.
Our hydrodynamic variables are the order parameter,
p(r, t), and the fluid velocity, v(r, t). As usual we assume
∇·v = 0, so that the density, ρ(r, t), is constant. The free
energy is F [v,p] =
∫ (
1
2ρv
2 + f0
)
dV , whose non-kinetic
part f0 can be written in Landau-Ginzburg form:
f0 =
A
2
|p|2 + B
4
|p|4 + C
6
|p|6 + K
2
(∂αpβ)
2 , (1)
with B, C, and K positive. K is the elastic constant
associated with splay, bend and twist deformation of p,
in the one-constant approximation [1]. The temperature-
like parameter, A, controls the isotropic-polar transition.
Generically one assumes B > 0, so that this transition
happens continuously at a critical A = Ac, where Ac = 0
at mean-field level. For B > 0 the C-term is redundant
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Figure 1. (a) The geometry considered in our model: the
upper plate is sheared with fixed velocity, γ˙L, to the right
while the lower plate is kept stationary. (b) For ξ0 > 1, at
steady state, p aligns with the shear flow with positive Leslie
angle, θL. This panel shows the steady state p for increasing
anchoring strength s from left to right. (c) Stability flow of
p(t) for ξ0 > 1 (see equations (5-6)). The stable fixed points
are p(1) and −p(1). (d) For |ξ0| < 1 we get a limit cycle,
which corresponds to the shear-tumbling regime.
in the absence of flow. However, as we shall see later, B
can be driven negative by strong shear, so we must retain
this term to maintain dynamic stability.
The dynamics of p(r, t) can be written as [10, 16, 21]:
∂pα
∂t
+ (v · ∇)pα = −ωαβpβ + ξαβ(p)uβγpγ + hα
Γ
, (2)
where uαβ and ωαβ are the symmetrized and anti-
symmetrized velocity gradient tensors. The left hand side
in (2) includes advection of p by the fluid velocity, v. The
first term on the right hand side is the rotation of p by
the fluid vorticity, ω. The second term, ξαβ , is a gener-
alized alignment term discussed below. The third term,
involving the molecular field, h = −δF/δp, serves to re-
lax p towards its free energy minimum, with Γ > 0 the
rotational friction constant. Note that the coefficients of
(v ·∇)p and −ω ·p are both unity as required by Galilean
and rotational invariance.
The coefficient of the u ·p term in (2) is a second rank
tensor that depends on p. Its most general form is:
ξαβ(p) = ξ0δαβ + ξ2pαpβ + ξ1αβγpγ
= ξ0δ
T
αβ +
(
ξ0/|p|2 + ξ2
)
pαpβ + ξ1αβγpγ , (3)
where ξ0, ξ1 and ξ2 are scalars which may depend on |p|,
and δTαβ ≡ (δαβ − pαpβ/|p|2) is a transverse projector. A
special case of (3) was previously derived for a specific
microscopic model [22].
From now on, we neglect the chiral term ξ1 and assume
ξ0 and ξ2 to be constants. The Leslie-Ericksen shear-
alignment parameter, ξ0, determines how p aligns (|ξ0| >
1) or tumbles (|ξ0| < 1) in the shear flow. Indeed the
pure Leslie-Ericksen theory is recovered by setting ξ2 =
−ξ0/|p|2. (One also multiplies h by δTαβ in (2).) In this
case, the second term of (3) vanishes. However, unlike
in nematics where |n| = 1, there is no reason for this
to be true in polar liquid crystals. Relaxing the demand
of fixed |p|, we release a shear-elongation parameter, ξ2,
which controls whether shear elongates or compresses p.
Finally, v(r, t) obeys the Navier-Stokes equation:
ρ
[
∂v
∂t
+ (v · ∇)v
]
= −∇P +∇ · (σr + σd + σa) . (4)
The isotropic pressure P maintains the constraint ∇·v =
0. The dissipative viscous stress is σd = 2ηu, where the
shear viscosity, η, is assumed isotropic. Like h/Γ in (2)
this term dissipates energy as heat, unlike the reactive
stress, σr, whose explicit form is given in [20]. Lastly,
σaαβ = ζpαpβ is a stress arising from activity [23, 24].
This is contractile (as for actomyosin) for ζ > 0 and
extensile (as for bacteria) for ζ < 0; see Fig. 2(d,e; insets).
The geometry of interest is shown in Fig. 1(a,b). We
consider material confined between parallel plates at y =
0 and y = L with periodic boundary conditions at x = 0
and x = L. The upper plate is sheared with velocity
v(y = L) = γ˙Lxˆ to the right while the lower plate is
held stationary: v(y = 0) = 0. Here γ˙ is the average
strain rate. We introduce a variable anchoring strength
s ∈ [0, 1] such that ∂ypx = 0 and spy = (1 − s)∂ypy at
y = 0 and L. Strong parallel anchoring at the plates,
as often assumed in the literature, is achieved for s = 1,
while s = 0 indicates free anchoring. Fig. 1(b) shows
typical steady state configurations of p for different s.
The case of s = 0 can be solved analytically by seek-
ing a spatially homogeneous solution for p which sat-
isfy the boundary conditions above. By symmetry, the
fluid velocity, v, and pressure, P , depend only on the y-
coordinate. Therefore v(y) = γ˙yxˆ (Couette flow). Using
this we can rewrite (2) as:
p˙x =
γ˙
2
py(1 + ξ0 + 2ξ2p
2
x) +
hx
Γ
(5)
p˙y =
γ˙
2
px(−1 + ξ0 + 2ξ2p2y) +
hy
Γ
, (6)
while the dynamics in the z-direction are irrelevant.
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Figure 2. (a) Critical temperature, Ac, for polar-to-isotropic transition is shifted upwards with increasing shear rate, γ˙.
Above some threshold, the transition becomes discontinuous. (b) Generally, particles become more aligned (|p| increases) as
we increase the shear rate γ˙. (c) Flow curves for passive polar fluid for different A. We plot flow curves for contractile (pullers;
d) and extensile (pushers; e) cases at various anchoring strength, s. For s 6= 1 we find a yield stress (positive/negative for
pullers/pushers). (f) Apparent viscosity as a function of dimensionless shear rate, γ˙Γ, for passive and active polar fluids. Pushers
show a regime of negative apparent viscosity. Lines are analytic predictions and points are numerical results. Parameters used:
L = 10, ρ = 2, η = 6.66, γ˙ = 0.0025, Γ = 4, A = −0.005 [in (d,e,f)], B = 0.03, C = 0.04, K = 0.04, ξ0 = 2, and ξ2 = 4.
The phase flows of Eqs. (5-6) are shown in Fig. 1(c,d).
For |ξ0| > 1, we find five steady-state solutions: p =
0, ±p(1), and ±p(2) [Fig. 1(c)]. The angle between
p(1,2) and the x-axis is the usual Leslie angle: θ±L =
± tan−1√(ξ0 − 1)/(ξ0 + 1). For ξ0 > 1, linear stabil-
ity shows that p = 0 is unstable, ±p(2) are saddle points
but ±p(1) are stable [Fig. 1(c)]. This means p aligns at
the positive Leslie angle θ+L [Fig. 1(b)]. As ξ0 → 1+,
the Leslie angle approaches zero, and consequently, p(1)
and p(2) merge to form a limit cycle. This is the shear
tumbling regime, present for |ξ0| < 1, where p rotates
clockwise, tracing an ellipse [see Fig. 1(d)]. (For nemat-
ics, this ellipse becomes the unit circle [25].) Finally for
ξ0 < −1 (describing, e.g., disc-like rather than rod-like
particles) p aligns at the negative Leslie angle θ−L .
We next study how |p| is affected by shear flow. In
equilibrium (γ˙ = 0 and ζ = 0), |p| is given by the min-
imization of the free energy (1). Under shear, and for
|ξ0| > 1, it turns out that the steady-state |p| is given
by the minimization of an effective free energy density,
of the same form as the original (1), with renormalized
coefficients of |p|2 and |p|4:
A→ A˜γ˙ = A− |γ˙|Γ
2
√
ξ20 − 1 (7)
B → B˜γ˙ = B − ξ2
ξ0
|γ˙|Γ
2
√
ξ20 − 1 . (8)
The coefficient of |p|6 remains unchanged. As we can
see from (7), the effect of shear, γ˙, is to shift the critical
Ac from zero to a higher value. More interestingly, from
(8), if ξ2/ξ0 > 0, then for large enough γ˙, B˜γ˙ becomes
negative, which means the isotropic-to-polar transition
becomes discontinuous. This is confirmed by numerical
simulations of (2) and (4) [points in Fig. 2(a)]. This con-
trasts with the isotropic-to-nematic transition under flow
which is first-order at rest but disappears via a contin-
uous critical point as γ˙ is increased [26]. In the quasi-
Leslie-Ericksen case, ξ2 = −ξ0/|p|2, |p| minimizes (1) at
all shear rates because shear does not stretch or compress
p. This simplification [16–19] therefore misses some im-
portant physics of the passive limit.
One can also plot the polarization |p| as a function of
shear rate γ˙ as shown in Fig. 2(b). (In molecular liquid
crystals, |p| is the net electric/magnetic polarization and
can be measured experimentally.) For A = 0.01 and A =
40.02, initially the system is isotropic (|p| = 0), but as we
increase γ˙, it gains polar order either discontinuously (if
ξ2/ξ0 > B/A) or continuously. For A = −0.01, initially
the system is polar (|p| > 0), and as we increase γ˙, the
polar order |p| increases.
Note that in the case of ξ2/ξ0 < 0, the sign of B˜γ˙ in (8)
remains positive and we never get a first-order transition.
Interestingly, in this regime, and in the limit of |γ˙| → ∞,
|p| saturates to a finite value√−ξ0/ξ2. Thus, depending
on A, |p| may decrease with increasing γ˙ [20].
We can now construct steady-state flow curves for both
active and passive cases by the following argument. Un-
der homogeneous steady shear, we apply a shear stress
σ to the top plate in the x-direction [Fig. 1(a)]. The
rate of work done on the system is then per unit vol-
ume W˙w = σγ˙. Similarly, if the liquid crystal is active
(ζ 6= 0), energy is also continuously injected locally to
the system by the active stress σa at volumetric rate
W˙a = −σaαβuαβ = −2ζpxpyuxy.
By conservation of energy, the total energy injected
to the system must match the heat dissipated per unit
volume, which is [27] Q˙ = σdαβuαβ + |h|2/Γ. (Since σd =
2ηu, Q˙ is positive definite as expected, although W˙w and
W˙a do not have to be positive.) Thus, in steady state
σγ˙ = W˙w = Q˙− W˙a. (9)
Assuming p to be homogeneous and setting uxy = uyx =
γ˙/2 in (9), we obtain the flow curve σ(γ˙):
σ(γ˙) =
(
η +
|h|2
Γγ˙2
+ ζ
pxpy
γ˙
)
γ˙ ≡ ηapp(γ˙)γ˙, (10)
where px = |p| cos θL, py = |p| sin θL and |p| is given
by minimizing the effective free-energy, Eqs. (7-8). We
identify the ratio σ/γ˙ as the apparent viscosity ηapp(γ˙).
The result (10) holds for free anchoring (s = 0). Flow
curves for the passive case (ζ = 0) are shown in Fig. 2(c)
for various A. For A = −0.01, the system is already polar
at γ˙ = 0, and ηapp increases monotonically with γ˙ > 0
(shear-thickening). Note that for this case shear-thinning
is also possible [20]. For A = 0.02, the system is almost
isotropic at low strain rate, where σ = ηγ˙. On increasing
shear rate, σ(γ˙) shows discontinuous shear-thickening at
the shear-induced first order transition, with continuous
shear-thickening beyond it. Our analytical flow curves
fully agree with numerical simulations of (2) and (4) with
free anchoring conditions; see Fig. 2(c).
We now address the flow curves for active polar fluids
(ζ 6= 0). Importantly, the shear-thickening scenarios de-
scribed above for small |A| remain present in this case, at
least for weak activity. Deeper in the polar state (A 0),
local energy injection from the active stress σa is known
to give rise to spontaneously flowing states, even in the
absence of external shear [28], when |ζ| is large enough.
This spontaneous flow transition is mediated by hydrody-
namic instabilities in the polarization field p(r, t) [14, 29],
and (as for nematics [30, 31]) can give rise to an apparent
negative viscosity [13, 19].
Here we consider cases where |ζ| is below the threshold
for spontaneous flow. In this regime, p remains spatially
homogeneous in the bulk fluid (with deviations near the
walls if s 6= 0). At large γ˙, activity is negligible and
we still find continuous shear-thickening due to shear-
elongation. In contrast, when γ˙ is small, activity is dom-
inant and a yield stress regime is observed (unrelated to
spontaneous flow [19, 32]). Strong anchoring (s ' 1) sup-
presses this yield-stress regime, but only in small enough
systems (see [20]).
Flow curves for pullers (ζ > 0) are shown in Fig. 2(d),
where the solid line is (10), and the points are numer-
ics for s > 0. Due to the opposite effects of activity
(thinning) and shear-elongation (thickening), the appar-
ent viscosity is non-monotonic, Fig. 2(f). Under flow, the
system adopts the positive Leslie angle, θL (Fig. 2(d), in-
set). Both px and py are then positive, so that for pullers
W˙a < 0: activity seemingly removes energy instead of
injecting it. A detailed description of the flow around
each puller would resolve this anomaly: the work done
at the walls increases because local strain rates exceed
γ˙ [33]. Moreover, allowing for the local energy budget
including fuel consumption, the active heat production
remains positive [34].
Finally, flow curve for pushers (ζ < 0) are shown in
Fig. 2(e). Here we observe a negative yield stress and
consequently a regime of negative viscosity at small shear
rate. In this regime, W˙a > Q˙ > 0 but W˙w < 0 from
(9). This means the particles are doing macroscopic
work on the wall. Fig. 2(f) shows the apparent viscosity
curves ηapp(γ˙) corresponding to the flow curves shown in
Fig. 2(c,d,e).
Many of the above results for the rheology of active
polar liquid crystals echo what was known previously
from numerics on active nematics [30, 31]. However it
is remarkable that, in the polar case with free-anchoring
conditions, the entire scenario is analytically solvable via
(10). More importantly, as stated previously, active po-
lar systems such as bacterial suspensions and actomyosin
gels can undergo the same shear-induced first order tran-
sition as we found for the passive case. This could trans-
form their flow behavior with, e.g., discontinuous shear-
thickening in a system of pushers whose active stress
would lead one to expect only a viscosity reduction.
In conclusion, we have presented a hydrodynamic de-
scription of polar liquid crystals that generalizes earlier
treatments significantly. In particular, we studied the
role of a shear-elongation parameter, ξ2, and showed that
this can cause shear-induced first-order transitions from
the isotropic to the polar phase in active and passive ma-
terials. In the active case we also found that ξ2 allows
non-monotonic apparent viscosities ηapp(γ˙), and that
phenomena such as positive and negative yield stresses,
and negative apparent viscosity (resembling those for ac-
5tive nematics) are possible even for weak activity and
strong anchoring. Finally, we outlined the thermody-
namic energy/heat budgets in these different regimes and
will return to this in future work [34].
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Shear-induced first-order transition in active and passive polar liquid crystals
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I. EXPLICIT FORM OF THE REVERSIBLE STRESS
The reversible stress σr can be derived by the methods described in [1]:
σrαβ = (f + p · h)δαβ −
∂f
∂(∂βpγ)
(∂αpγ)
+
1
2
(pαhβ − pβhα)− 1
2
(pαξβγhγ + pβξαγhγ), (1)
where f is the free energy density: F =
∫
f dV . Note that the reversible stress is defined together with its corre-
sponding Gibbs-Duhem relation,
∂βσ
r
αβ − pβ∂αhβ = 0. (2)
A different (equivalent) definition of σr and a corresponding Gibbs-Duhem relation can be found in [2].
II. COMPARISON TO OTHER ACTIVE POLAR LIQUID CRYSTAL THEORIES
In much of the active polar liquid crystal literature(e.g., [3, 4]), the magnitude of p(r, t) is effectively kept constant
under shear. However, as discussed in the main text, in reality, rodlike particles typically tend to align more in the
presence of an external shear. In other words, |p| should increase with increasing shear rate, |γ˙|. We capture this
phenomenology by introducing a shear-elongation parameter, ξ2. Since |p| can now increase with |γ˙|, the rheological
properties of active polar liquid crystals can be different as compared to |p| = constant.
As explained in the main text, the steady-state value of |p| can be fixed constant (independent of shear rate) by
choosing the shear elongation parameter to be:
ξ2 = − ξ0|p|2 . (3)
In this case, the constant value of |p| is given by the minimum of the equilibrium free energy [equation (1) of the
main text] at steady state. Alternatively, |p| can also be fixed constant by introducing a Lagrange multiplier to the
molecular field, h, as done in [3]:
h = −δF
δp
+ hL‖
p
|p| , (4)
where the value of hL‖ is chosen dynamically (at each point in space and time) so that |p| = constant. Both (3) and
(4) give the same flow curve. We compare the fixed-|p| theory to our theory in Fig. 1. As we can see from the figure,
the shear-elongation parameter can significantly alter the flow curve at large shear rate |γ˙|.
III. SYSTEM SIZE DEPENDENCE
In this section, we investigate the dependence of the flow curve on the system size, L, relative to the correlation
length, `. In the case of weak anchoring conditions, s ' 0, p is spatially homogeneous and aligns with the shear flow
at the Leslie angle, θ+L . In this case, the flow curve does not depend on L. However in the case of strong parallel
∗ tm36@rice.edu
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Figure 1. Flow curves for pullers (left) and pushers (right) in the case of strong parallel anchoring at the walls (s = 1).
Red: Our model with ξ0 = 2 and ξ2 = 4, which elongates |p| with increasing |γ˙|. Blue: Leslie-Ericksen limit of our model:
ξ0 = −ξ2|p|2 = 2, in which case, |p| = constant.
anchoring condition s ' 1, py goes to zero at the walls y = 0 and y = L, but far away from the walls, p again aligns
at the Leslie angle. In between, we expect a spatial variation in p(y) across length scales of order `.
From the free energy [equation (1) in the main text], the intrinsic correlation length of the system is given by
` =
√−K/(A− C|p0|2), where |p0| minimizes the free energy (1). In general, ` should also depend on the shear rate,
γ˙, however in this discussion, we take the system to be far from criticality and replace ` by its value at γ˙ = 0. For
L  `, we observe a bulk region where p(y) aligns with the Leslie angle [see blue and turquoise lines in Fig. 2(a)].
However, when L is comparable to `, we do not observe this bulk region in p(y) [see red line Fig. 2(a)]. From
Fig. 2(c,d), we see that this bulk region is associated with the appearance of a yield stress in the flow curve. (The
yield stress is positive/negative in the case of pullers/pushers.) These happen in the weak activity regime, below the
threshold for the spontaneous flow transition. Finally, since we are in the weak activity regime the fluid velocity can
be well approximated by the Couette flow vx = γ˙y [Fig. 2(b)].
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Figure 2. We plot py in (a) and the rescaled velocity in (b) as a function of y/L for pullers (plots for pushers are similar).
The strong anchoring (s = 1) imposes py = 0 at the walls as can be seen in (a). One can see in (b) that the fluid velocity is
well approximated by the Couette flow vx = γ˙y. The flow curves for pullers (ζ > 0) and pushers (ζ < 0) for different values of
L/` are presented in (c) and (d), respectively. We find that for pullers/pushers a finite positive/negative yield stress emerges
as L/` increase. Parameters used: s = 1, ρ = 2, η = 6.66, γ˙ = 0.0025 in (a,b), Γ = 4, A = −0.005, B = 0.03, C = 0.04, ξ0 = 2
and ξ2 = −4, K = 0.04 giving ` = 1.94.
IV. THE CASE OF ξ2/ξ0 < 0
As already mentioned in the main text, in the case of ξ2/ξ0 < 0, B˜γ˙ in the effective free energy remains positive so
that the isotropic-to-polar transition remains second-order for all values of γ˙ [see Fig. 3(a)]. Interestingly, depending
on the value of A, p can either increase or decrease with increasing shear rate γ˙ [see Fig. 3(b)]. The corresponding
apparent viscosities are shown in Fig. 3(c) for both passive and active cases.
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Figure 3. (a) Plot of |p| as a function of rescaled temperature, A, for ξ2/ξ0 < 0. The transition remains continuous, shear only
shifts the critical point, Ac, upwards. (b) Plot of |p| as a function of dimensionless shear rate, γ˙Γ. |p| approaches
√−ξ2/ξ0 in
the limit of γ˙ → ∞. (c) Apparent viscosity as a function of dimensionless shear rate, γ˙Γ, for passive and active polar fluid in
the case of ξ2/ξ0 < 0 (Lines are theoretical results and points are numerical results). Parameters used: L = 10, s = 0, ρ = 2,
η = 6.66, γ˙ = 0.0025, Γ = 4, A = −0.03 (in (c)), B = 0.03, C = 0.04, K = 0.04, ξ0 = 2 and ξ2 = −4.
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